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Abstract. We give examples of non-amenable ICC groups V with the 
Haagerup property, weakly amenable with constant A c b(F) = 1, for 
which we show that the associated Hi factors L(T) are strongly solid, i.e. 
the normalizer of any diffuse amenable subalgebra P C L(T) generates 
an amenable von Neumann algebra. Nevertheless, for these examples of 
groups F, L(Y) is not isomorphic to any interpolated free group factor 
L(F t ), for 1 < t < oo. 



1. Introduction 

In their remarkable recent work |21| [22] , Ozawa and Popa obtained strik- 
ing structural results for group/group measure space von Neumann algebras. 
For instance, they showed that if V = F„ is a free group, 2 < n < oo, 
[H] or T is a lattice in SL(2, R) or SL(2, C) [22], then the group von Neu- 
mann algebra L(T) is strongly solid, i.e. for any diffuse amenable subalgebra 
P C L(T), the normalizer N~L(r)(P) °f P inside L(T) generates an amenable 
von Neumann algebra. This strengthened two well-known indecomposabil- 
ity results for free group factors: Voiculescu's result in [33], showing that 
L(F n ) has no Cartan subalgebra, which in fact exhibited the first examples 
of factors with no Cartan decomposition; and Ozawa's result in [20J, showing 
that the commutant in L(F n ) of any diffuse subalgebra must be amenable 
(L(F n ) are solid) which itself strengthened the indecomposability of L(F n ) 
into tensor product of Hi factors (primeness for free group factors) in |11] . 

Lattices in SL(2,R) are measure equivalent to F2, so the Hi factors aris- 
ing from these lattices may be isomorphic to an amplification of a free group 
factor (i.e., to an interpolated free group factor [T], [29]). Ozawa and Popa 
asked in their paper ([21], page 18) whether any strongly solid Hi factor N 
with the complete metric approximation property (i.e. A c b(-/V) = 1) follows 
isomorphic to some interpolated free group factor L(F t ), 1 < t < 00, a ques- 
tion recently emphasized by Popa in his talks (see [26] for instance). We 
answer this question in the negative by providing examples of non-amenable 
ICC (infinite conjugacy classes) groups T, for which we show that the corre- 
sponding Hi factors L(T) are strongly solid, but nevertheless they are never 
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isomorphic to any L(F t ), for 1 < t < oo. The groups T are obtained as 
follows. 

Assumption A. Let m > 2. Let A be an infinite countable amenable 
group and Ti, . . . , T m be infinite abelian groups together with group homo- 
morphisms a' 1 : A — > Aut(Tj), for i = 1, . . . , m, satisfying: 

Vi € {1, . . . , m}, V/i G Tj\{e}, {j£A: oj^) = /*} = {e}. 

Write T = * • • • * T m for the free product. We denote by a : A — > Aut(T) 
the group homomorphism where A acts diagonally on T : if /i — /i^ • • • h n is 
a non-trivial reduced word in T with hj G Tj,., i\ ^ ■ ■ ■ ^ i n , we have 

ag(h) = a 1 g 1 (h l )---a i g n {h n ). 

We denote by V = T x A the corresponding semi-direct product. Observe 
that T may be regarded as the amalgamated free product 

Ti xi A *\ ■ ■ ■ * A T m xi A. 

Assumption A is satisfied for instance if A = Z, Tj = (J) Z Z/2Z an d A 
acts on Tj by shift. In this case, Tj xi A is the wreath product (Z/2Z) I Z and 
we have 

r = (Z/2Z) l Z * z • • • * z (Z/2Z) l z. 

(More generally, instead of Z we can take A to be any torsion-free amenable 
group in the above example.) Any group T satisfying Assumption A is 
non-amenable, ICC and weakly amenable with constant 1. (We refer to 
Proposition 14.11 for the properties of T.) The main result of this paper is the 
following: 

Theorem A. Let T be a countable group satisfying Assumption A. Then 
the non-amenable II± factor L(T) is strongly solid. Moreover, L(T) has the 
Haagerup property, the complete metric approximation property and is not 
isomorphic to any interpolated free group factor L(Fj), for 1 < t < oo. 

The fact that L(T) is not isomorphic to an interpolated free group factor 
follows from Jung's result |18| (L(T) is "strongly 1-bounded"). Peterson 
and Thorn pointed out in [24J that a stronger property than strong solidity 
might hold true for the free group factors, namely any diffuse amenable 
subalgebra P C L(F n ) should have a unique maximal amenable extension. 
It is clear that our example does not satisfy this stronger property (take 
P = L(A)cL(r)). 

The proof of Theorem A, following a "deformation/rigidity" strategy, is 
a combination of the ideas and techniques in |16^ [2~T| [27] . 

A group r which satisfies Assumption A has a vanishing first £ 2 -Betti 
number, so it is unclear whether V admits a proper cocycle (6, n, K) where 
the unitary representation (ir, K) can be taken weakly contained in the left 
regular representation £ 2 (T). Consequently, we cannot use Peterson's defor- 
mations arising from cocycles |23j in order to prove the strong solidity of 
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L(r) (see Theorem B in [22])- Instead, regarding L(T) as an amalgamated 
free product over L(A) 

L(T) = L(Ti x A) * L(A) • • • * L(A) L(Y m x A), 

we will use the free malleable deformation by automorphisms (at) defined 
in [16]. 

The proof then consists in two parts. Let T be a group satisfying As- 
sumption A, and write M = L(T), Mi = L(Ti x A). First, we show that 
given any amenable subalgebra P C M such that P does not embed into 
Mi inside M, the normalizer Mm(P) generates an amenable von Neumann 
algebra (see Theorem I3.3f) . For this, we will exploit the facts that the de- 
formation (at) does not converge uniformly on the unit ball (P)i and that 
P C M is weakly compact, and use the technology from [21]. So if P C M 
is diffuse, amenable such that Nm(P)" is not amenable, P must embed into 
some Mi inside M. Exploiting Popa's intertwining techniques, we prove 
that Nm(P)" is "captured" in Mj (which is amenable by assumption) and 
finally get a contradiction. 

We then investigate the class C s _ so iid of countable groups G which are 
weakly amenable with constant 1 and for which the group von Neumann 
algebra L(G) is strongly solid. This class contains all amenable groups, the 
free groups F n [2"T] . lattices in SL(2, R) or SL(2,C) [22] and all the groups 
r which satisfy Assumption A by Theorem A. This class is obviously stable 
under taking subgroups. Our second result is the following: 

Theorem B. The class C s - so iid is stable under taking free products. 

Theorem B provides other new examples of groups which belong to the 
class C s _ so iid. For instance, let T be a group satisfying Assumption A. Then 
for any n > 1, the iterated free product T* n belongs to C s _ so iid- Moreover, 
since T has a vanishing first £ 2 -Betti number, i.e. (3i(T) = 0, it follows from 
|10| that r and T* n , n > 2, are not measure equivalent. Also, by [9j, T* n 
is never measure equivalent to a free group. Also, since L(T) is strongly 1- 
bounded [18J and is embeddable into R 1 ^ (see Proposition HJ]), L(T) is freely 
indecomposable, i.e. L(T) is not isomorphic to any free product of diffuse 
finite von Neumann algebras. In particular, L(T) % L(T* n ), for any n > 2. 

In [21] . Ozawa and Popa gave the first examples of group measure space 
constructions where the Cartan subalgebra L°°(X,fi) C L°°(X,^) x G in 
the crossed product Hi factor is unique up to unitary conjugacy. These ex- 
amples include all the free ergodic profinite p.m. p. actions G rx (X, /j,) on 
the standard probability space where the group G is a lattice of a product 
of Lie groups such as SO(n,l), SU(n, 1) for n > 2, SL(2,R) and SL(2, C) 
[211 122] . Recall that a p.m. p. profinite action G rx (X,[i) has the prop- 
erty that L°°(X,fi) is a limit of an increasing sequence (Q n ) of G-invariant 
finite dimensional subalgebras. As noticed in [15], a countable group G ad- 
mits free ergodic profinite p.m. p. actions iff G is residually finite, i.e. G 
has a decreasing sequence (G n ) of normal finite index subgroups such that 
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P) G n = {e}. Using the same techniques as in the proof of Theorem A, we 
obtain new examples of groups G acting in a profinite way on (X, [/,) such 
that the Hi factor L°°(X, fi) x G has a unique Cartan decomposition, in the 
spirit of results in \21\ [22] : 

Theorem C. Let Gi,G2 be weakly amenable groups with constant 1, |Gi| > 
2, | C2 1 > 3. Denote by G = G\ * G2 their free product. Then L{G) has no 
Cartan subalgebra. 

Assume moreover that Gi,G2 are residually finite, so that G is residu- 
ally finite as well. Then, for any free ergodic profinite (or merely compact) 
p.m.p. action G rv (X,fi) on the standard probability space, L°°(X,fi) C 
L°°(X,fj,) x G is the unique Cartan subalgebra up to unitary conjugacy. 

Note that the first part of Theorem C was known when each L(Gi) embeds 
into [181 119j . When combined with Gaboriau's results |10| . Theorem C 
shows that any Hi factor L°°(X,fj,) x G, where G = G\ * G2, \Gi\ > 2, 
I G?2 1 > 3, A c b(Gj) = 1, j3\{Gi) < 00, arising from a free ergodic profinite 
action G r\ (X, //), has trivial fundamental group. Also, if H\ * H2 = H rx 
{X,n) is another such action, with fii(G) / Pi(H), then L oc, (A,/x) x G ¥ 
L°°(X,fj,) x H. 

In Section O we review the necessary background on the intertwining 
techniques and weakly compact actions. The key result (see Theorem I3.3|) 
is proven in Section [3l Relying on this result and exploiting the intertwining 
techniques, we then prove the main results of the paper. 

Acknowledgements. The author thanks Prof. Sorin Popa for carefully 
reading an earlier version of this paper and for his useful comments. He also 
thanks Jesse Peterson for the stimulating discussions regarding this work 
during his visit at Vanderbilt University. 

2. Preliminaries 

2.1. Intertwining techniques. We first recall some notation. Let P C M 
be an inclusion of finite von Neumann algebras. The normalizer of P inside 
M is defined as 

N M {P) ■= {u € U(M) : Ad(n)P = P} , 

where Ad(u) = u-u* . The inclusion PcMis said to be regular 'if Mm (P)" = 
M. The quasi-normalizer of P inside M is defined as 

QNm{P) ■= joe M : 3b u ...,b n eM,aPc J2 Pb u Pa c J2 biP ^j ■ 

The inclusion P C M is said to be quasi-regular if QJ\f m{P)" = M. More- 
over, 

p'nMc M m {p)" c QMm(p)". 

Let A, B be finite von Neumann algebras. An A-B bimodule H is a com- 
plex (separable) Hilbert space H together with two commuting normal *- 
representations tva ■ A — > H(H), ttb '■ B op — > H{H). We shall intuitively 
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write a£b = TrA(x)TT B (y op )£, Vx £ A,Vt/ £ B,V£ G We say that is 
finitely generated as a right .B-module if iis is of the form pL 2 (B)® n for 
some projection p G M n (C) ® 5. If ^4 is a finite von Neumann algebra, we 
will denote by ctr^ the center-valued trace of A. 

In [27J EH], Popa introduced a powerful tool to prove the unitary conjugacy 
of two von Neumann subalgebras of a tracial von Neumann algebra (M, r). 
We will make intensively use of this technique. If A, B C (M, r) are (possibly 
non-unital) von Neumann subalgebras, denote by 1a (resp. 1b) the unit of 
A (resp. B). 

Theorem 2.1 (Popa, |27} I28j). Let (M, r) 6e a finite von Neumann alge- 
bra. Let A, B C M be possibly non-unital von Neumann subalgebras. The 
following are equivalent: 

(1) There exist n > 1, a possibly non-unital *-homomorphism tp : A — > 
M n (C) ® B and a non-zero partial isometry v G Mi jn (C) <S> IaMIb 
such that xv = vtp(x), for any x £ A. 

(2) The bimodule aL 2 (1aM1b)b contains a non-zero sub-bimodule aHb 
which is finitely generated as a right B-module. 

(3) There is no sequence of unitaries (v,k) in A such that 

lim \\E B (a*u k b)\\ 2 = 0,Va,b £ 1 A M1 B . 

k— >oo 

If one of the previous equivalent conditions is satisfied, we shall say that 
A embeds into B inside M and denote A B. For simplicity, we shall 
write M n := M n (C) ® M. 

We make the following technical observation that will be useful in the 
next sections. Assume A -<m B. Then there exist n > 1, a projection 
p G B n , a unital *-homomorphism ip : A — > pB n p and a non-zero partial 
isometry v G Mi jn (C) ® IaMIb such that xv = vip{x), for any x G A. Note 
that v*v < p and v*v G ip(A)' PipM n p. We do not have any control on the 
position of v*v in general. Nevertheless, we may assume that p equals the 
support projection of Eb^{v*v). Indeed, write q for the support of Eb^(v*v). 
Since v*v G ip{A)' f]pM n p, it follows that E B ^(v*v) G ip(A)' n pB n p and 
thus q G ip(A)' DpB n p. For any x G A, 

xvq = vtp{x)q = vqijj(x). 

Of course, vq is not a partial isometry, but vq ^ 0, because EB"((vq)*vq) = 
qEs^{v*v)q = Eg n (v*v). Write vq = w\vq\ for the polar decomposition 
of vq. Define the unital *-homomorphism 9 : A — >• qB n q by 9{x) = 
ip{x)q, for any x G A. It follows that w is a non-zero partial isometry 
in Mi >n (C) (S 1 IaMIb such that xu> = w9(x), for any x G A Finally the 
support projection of Eb^(w*w) equals q. 

If Q C (M, r) is an inclusion of finite von Neumann algebras, we shall 
denote by (M, cq) the basic construction where eQ : L 2 (M) — > L 2 (Q) is the 
orthogonal projection which satisfies: 

eQxeQ = E Q (x)eQ,Vx G M. 
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Note that Eq : M — > Q is the unique r-preserving faithful normal con- 
ditional expectation. The basic construction (Ad, eg) is a semifinite von 
Neumann algebra with semifinite faithful normal trace Tr defined by: 

Tr(xe Q y) = r(xy),\/x,y G M. 

2.2. The complete metric approximation property. 

Definition 2.2 (Haagerup, |13j). A finite von Neumann algebra (M, r) is 
said to have the complete metric approximation property (cm. a. p.) if there 
exists a net <£ n : M — > M of (r-preserving) normal finite rank completely 
bounded maps such that 

(1) lim„ \\$ n (x) - x\\ 2 = 0, Vx G M; 

(2) lim n j|*„||cb = 1- 

If M has the c.m.a.p., then pMp has the cm. a. p., for any non-zero projec- 
tion p G M. It follows from [6] that a countable group T is weakly amenable 
with constant A c b(r) = 1 iff the group von Neumann algebra L(T) has the 
c.m.a.p. 

Definition 2.3 (Ozawa & Popa, [21J). Let T be a discrete group, let (P,r) 
be a finite von Neumann algebra and let a : T r\ P be a r-preserving 
action. The action is said to be weakly compact if there exists a net (ry n ) of 
unit vectors in L 2 (P®P) + such that 

(1) lim n \\rj n - (y (8) u)r? n || 2 = 0, Vw G W(P); 

(2) hm n ||r/ n - (a 3 (8) CT fl )j7 n || 2 = 0, V5 G T; 

(3) ((a (g) l)rj n ,r] n ) = r(a) = (ry„, (1 ® a)ry n ), Va G M,Vn. 

These conditions force P to be amenable. A von Neumann algebra PcMis 
said to be weakly compact inside M if the action by conjugation Mm{P) r\ P 
is weakly compact. 

Theorem 2.4 (Ozawa & Popa, [21J). Let M be a finite von Neumann al- 
gebra with the complete metric approximation property. Let p G M be a 
non-zero projection and let P C pMp be an amenable von Neumann subal- 
gebra. Then P is weakly compact inside pMp. 

3. An intermediate step 

3.1. The malleable deformation for amalgamated free products. 

We begin this section by recalling the free malleable deformation from |16j . 
We fix some notation that we will be using throughout. For i = 1, . . . ,m, 
let (Mi,Ti) be a finite von Neumann algebra with a distinguished f.n. trace. 
Let B C Mi be a common von Neumann subalgebra such that T{\b = Tj\s, 
yi,j G {1, . . . , m}. Write M = M\ *b • • • *b M m for the amalgamated free 
product over B. Set Mi = Mi * B (B®L(Z)) and 

M = M 1 * B ■ ■ ■ *BM m 
= M* B (B®Z,(F m )). 
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The trace on M will be denoted by r. In Mi, denote by U{ the Haar unitary 
generating L(Z). Let / : T — >] — 1,1] be the Borel function satisfying 

exp(iry/—lf(z)) = z,Vz G T. Define hi = f(uj) a selfadjoint element in M% 
such that exp(7T\/— = Ui- Write u\ = exp(t7Ty/—lhi) E U(Mi), for any 
i E R. Following [16], define the deformation (at) on M = Mi • • • *b M m 
by: 

a t = (Adu\) *b"'*b (Adi4J,Vi G R. 
Since it| — )■ 1 strongly, as i — >■ 0, it is clear that at — > Id pointwise in 
|| • H2, as t — > 0. Moreover define the period-2 automorphism /3 on M = 
M * B (B(§L(F m )) by: 

(3(x) = rc,VxGM, 
P(iii) = u*, Vi G {1, . . . ,m}. 

It was proven in |16| that the deformation (at,/3) is s-malleable: 

at/3 = j3a-f> V£ € R. 

Moreover, note that and /3 are r-preserving, and a t , /3 are equal to Id on B. 
We shall still denote by at and /3 the corresponding isometries on I?[M). 
We remind at last that the s-malleable deformation (at, (3) automatically 
features a certain transversality property. 

Proposition 3.1 (Popa, [25]). We keep the same notation as before. We 
have the following: 

(1) \\x - a 2t (x)\\ 2 < 2\\a t (x) - (E M o a t )(x)\\ 2 , Vx eM,Vt> 0. 

The following general result about intertwining subalgebras inside amal- 
gamated free products will be a crucial tool in the next subsection (see also 
Theorem 4.2 in [5] and Theorem 5.6 in |14j). 

Theorem 3.2 (Ioana, Peterson & Popa, [16]). Let M = Mi * B ■ ■ ■ * B M m 

be any amalgamated free product of finite von Neumann algebras Mi over a 
common subalgebra B. Let p E M be a non-zero projection and P C pMp 
be a von Neumann subalgebra. If the deformation (at) converges uniformly 
on the unit ball (P)\, then there exists i = 1, . . . , m such that P r^M Mi. 

3.2. The key result. The following result will be a key ingredient in prov- 
ing Theorems A, B, C. 

Theorem 3.3. Let M = M\ *b ■ ■ ■ *b M m be an amalgamated free prod- 
uct with B amenable. Let Qi, ■ ■ ■ ,Qk C M be amenable subalgebras such 
that the M-M bimodule L 2 (M) Q L 2 (M) is a sub-bimodule of a multiple of 
©j = i L 2 (M, e.Qj). Let p G B be a non-zero projection and let P C pMp be 
an amenable von Neumann subalgebra such that P Mi, for i = 1, . . . , m. 
Let Q C AfpMp(P) be a subgroup such that the action by conjugation Q rx P 
is weakly compact. Then Q" is amenable, thus AFD. 
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Proof. The proof is similar to the ones of Theorems 4.9 and 4.10 in |21| . The 
only main difference is the fact that the deformation (at) is not compact over 
B. Instead we will use Theorem 13.21 Moreover, we need to pay attention 
to the fact that P C M is a priori non-unital. We will nevertheless give a 
detailed proof for the sake of completeness. The symbol "Lim" will be used 
for a state on ^°°(N) which extends the ordinary limit. 

Let M = M\ *b ■ ■ ■ *b M m be an amalgamated free product with B 
amenable. Let p G B be a non-zero projection and let P C pMp be an 
amenable von Neumann subalgebra such that P Mi, for i = 1, . . . ,m. 
Let Q C AfpMp(P) be a subgroup such that the action by conjugation Q rx P 
is weakly compact. We may and will assume that U(P) C Q. Then there 
exists a net (%) of vectors in L 2 (P(&P) + such that 

(1) lim n 11% - (v ® v)i] n \\ 2 = 0, \/v G U(P); 

(2) lim n ||% - Ad(u <g> n)%|| 2 = 0, Vu G Q; 

(3) ({a ® 1)%,%) = r(o) = (%, (1 (8) a)%), Va G pMp,Mn. 

Note that p is the unit of P, o^(p) = p, \/t G R and (•,•) denotes the 
inner product in L 2 (M<g>M). We regard rj n G L 2 (M(g>M) + , and note that 
(p <g) l)%(p ® 1) = %, ( J ® J)% = where J denotes the canonical 
anti- unitary on L 2 (M). 

Fix e > 0, -F C Q a finite subset and z G Pi pMp) a non-zero 

projection. Observe that z G P'CipMp. In particular, it follows that Pz 
Mi, for i = 1, ... ,m. Using Theorem 13.21 we obtain that the deformation 
(at) does not converge uniformly on (Pz)\. Since any selfadjoint element 
x G (Pz)i can be written 

x = gIMIooC" + u *) 

where u G U(Pz), it follows that (aj) does not converge uniformly on U(Pz) 
either. Combining this with the inequality ([1]) in Proposition 13.11 we get 
that there exist < c < 1, a sequence of positive reals (tk) and a sequence 
of unitaries (ufc) in U(P) such that lim^oo ijt = and \\at k (ukz) — (Em ° 
a tk )(u k z)\\ 2 > c\\z\\ 2 , Vk G N. Since \\at k (ukz)\\ 2 = \\z\\ 2 , by Pythagora's 
theorem we obtain 

(2) \\(E M o a tk )(u k z)\\ 2 < v 7 ! - c 2 ||^|| 2 , Vfc G N. 

Take < 5 < 1 ~ v 6 1 ~ c2 ||z||2- Choose and fix G N such that a = at k 
satisfies 

(3) \\z-a(z)\\ 2 < S 

(4) ||«-a(«)|| 2 < e/6,V-uGF. 
We set v = Uk- Define 

% = (a (g) 1)(%) G L 2 (M)®L 2 (M) 

Cn = (e M ®l)(i?„)a 2 (M)®L 2 (M) 

Cn = %- Cn e (L 2 (5)el 2 (M))0L 2 (M). 
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Note that (p ® l)Cn (p ® 1) = Cn (since a(p) = p), and moreover 

(5) \\(xp® l)?j n \\ 2 2 = r{E M {a- l (px*xp))) = |M| 2 ,Vx G M. 
As in the proof of Theorem 4.9 in |21| . (jil— l~5j) yield for any u G F, 

(6) Lim||[-u® u,C^]|| 2 < Lim||[u® u,7? n ]|| 2 

n n 

< Lim || (a ® l)([u (8) u,r/ n ])|| 2 + 2||u - a(w)|| 2 

n 

< e/2. 

Moreover, (j2l- T3|) and ([5]) together with the choices of tk and 5 yield 

(7) Lim||(^lRnll2>5. 

n 

Indeed, suppose this is not the case. Noticing that euz = Z&M (since z G M) 
and zv = vz (since z G 2{Q' PipMp)), with v = u^, we have 

Liml|(z® l)r?„ - (eMa(jj)z ® u)Cn||a 



< Lim 

n 

< Lim 

n 

< Lim 



< Lim 

n 



\(z ® l)r) n - (e M a(v)z ® -u)r/ n || 2 + Lim ||(z ® l)C n || 2 

n 

\(z ® l)rj n - (e M za(v) ® u)^ n || 2 + || [a(v), z] || 2 + 5 
\(z ® 1)C^|| 2 + Lim \\?j n - {a(v) ® v)9j n \\ 2 + 2\\z - a{z)\\ 2 + 5 

n 

| (a (8) l)(r?„ - (u ® w)r7 n )|| 2 + 45 = 45. 
Thus, we get 

\\(E M o a)(vz)\\ 2 > \\{E M ° u){v)z\\ 2 -\\z - a{z)\\ 2 

> Lim \\((E M ° a)(v)z <g> v)rj n \\ 2 - 5 

n 

> Lim || {cm ® 1)((Em ° a)(v)z ® -u)r/ n || 2 - 5 

n 

= Lmi||(e M a(u)z® u)Cn||2 -5 

n 

> Lim || (z ® 1)%||2 - 55 

r3\ 



\ z \\2 



55 > y/l- (?\\z\\2, 



which is a contradiction according to ([2]). 

Choose n large enough such that ( = Cn G (L 2 (M) L 2 (M))®L 2 (M) 
satisfies © and ([ZD, i.e. ||[u®u,C]||2 < e/2, Vu G F and || (z ® 1)CII 2 > 5. 
Moreover for any x G M, with e4v = 1 — ejvf; we have 

||(a;p® 1)C|| 2 = ||(sp®l)(eif®l)?7 B ||2 
= ll(ew®l)(a;p®l)%||2 
< || (xp® 1)%||2 = \\wh- 
By assumption, we may view £ as a vector (&) in ® i L 2 (M, eg^.j )®L 2 (M). 
Consider CiC* G ^((M, eQ . ( . } )®M), define £ = (&) 6 0, L 2 (m' e Q . (i) >, with 
6 = ((Id®r)(CiC*)) 1/2 - We get pip = f, ||*p£[| 2 < |M| 2 , Vx G M, ||z£|| 2 = 



10 



CYRIL HOUDAYER 



\\(z ® 1) C 1 1 2 > $, and ||[w,£]||2 < £, Vu G F, as in the proof of Theorem 4.9 
in [21]. (The last inequality follows from Powers-St0rmer Inequality.) 

Define now g = Q + T(l - p) C U{M) and N = % C M. Hence iV is 
a unital von Neumann subalgebra of M. Observe that A" = <5" + C(l — p) 
and Z(N' n M) = 2(0' n pMp) + £(M)(1 - p). Define £' = £ (1 - 
i>)eB G (0j L 2 {M, eQ. (i) )) © L 2 (M,e B ), z' = z + z"(l-p) where z" is any 
projection in i?(M), and -F' = {u' = u + (1 — p) : u G i 7 } C Note that 
(1 — p)es = ee(l — p), since p £ B. For any x G M, 

WztfWl = \\xp£®x(l -p)e B \\l 

= \\xpZ\\ 2 2 + \\x(l-p)e B \\l 

< \\xp\\l+ \\x(l -p) 111 = ||a?|||. 

Moreover, \\z'£\\ 2 > ||^|| 2 > <5 and H^, Cilia = ||[«,C]||2 < e, Vu' G F'. 
Applying Corollary 2.3 in [21], we obtain projections P0)Pi> • • • iPk G Z(N'n 
M) such that po + Pi + • • • + Pk = 1 an d A'po (resp. Npj) is amenable 
relative to B (resp. Qj) inside M. Since B,Qi, . . . ,Qk are amenable, Afpj 
is amenable, for any j = 0, 1, . . . , k. Since C Npo + Np\ + • • • + Npk is a 
unital von Neumann subalgebra, A^ is amenable and so is Q" . □ 

4. L(T) IS STRONGLY SOLID FOR T SATISFYING ASSUMPTION A 

4.1. Properties of the group T and its von Neumann algebra. Let 

r be a countable group satisfying Assumption A. Recall that we may write 
r in two different ways: 

T = T x A 

= Ti x A * A • • • * A T m x A, 

with T = Ti * • • • *T m . In the semi-direct product T x A, the action a : A — > 
Aut(T) is implemented by conjugation with elements of A: o~ g (h) = ghg -1 , 
V<7 G A,V/i G T. We refer to [121 135j for the notion of sofic groups. 

Proposition 4.1. LetT be a group satisfying Assumption A. The following 
are true. 

(1) r is non-amenable and ICC. 

(2) T has the Haagerup property. 

(3) r is weakly amenable with constant A c b(r) = 1. 

(4) r is a sofic group. In particular, L(T) is embeddable into 

(5) r has a vanishing first £ 2 -Betti number, i.e. /3\(T) = 0. 

(6) The T-preserving action A r\ L(T) is mixing. 

(7) L(T) is not isomorphic to any interpolated free group factor L(Ff), 
for 1 < t < oo. More generally, L(T) is not isomorphic to any free 
product of diffuse finite von Neumann algebras. 

Proof. Let T be a group satisfying Assumption A. Since T = Ti * • • • * T m 
is the free product, it follows that the group homomorphism A — > Aut(T) 
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satisfies 

Vh G T\{e}, {g G A : ghg' 1 = h} = {e} 

as well. So if h\,h% G T\{e}, there exists at most one g G A such that 
gh\g~ l = /12. Then, using this observation and the fact that T is a free 
product of infinite groups (in particular ICC), it is straightforward to check 
that r is ICC as well. Thus, we get (1). Using the above observation 
together with Kaplansky density theorem, (6) follows easily. Being a free 
product of amenable groups, T has the Haagerup property [17j . is weakly 
amenable with Cowling-Haagerup constant A c b(T) = 1 [1] and is sofic [8]. 
Since the sequence 

1 — >T — >T — > A — ► 1 

is exact and A is amenable, T has the Haagerup property, A c b(r) = 1 and T 
is sofic as well (see (SIGH [8]). We get (2), (3) and (4). For (5), regarding T as 
an amalgamated free product of amenable groups over an infinite subgroup, 
it follows that r has a vanishing first ^ 2 -Betti number, i.e. /3i(r) = 0. In 
particular, T cannot be embedded as a lattice in SL(2, R) (by Gaboriau's 
result [10]). Observe that 

L(T) = L(Ti x A) * i(A) • • • * L(A) L(T m x A). 

Since each Tj x A is amenable and ICC, the Hi factor L(Yj x A) is amenable 
hence AFD by Connes' result [5j. Since L(T) is an amalgamated free product 
of AFD Hi factors over a common diffuse subalgebra L(A), it follows from 
Jung's result [18] that L(T) is strongly 1-bounded and therefore is never 
isomorphic to an interpolated free group factor L(Ft), for 1 < t < oo. 
More generally, since L(T) is embeddable into R u , L(T) is not isomorphic 
to any free product of diffuse finite von Neumann algebras (see Lemma 3.7 
in [S]). □ 

4.2. The M-M bimodule L 2 (M) Q L 2 (M). Let V = T x A be a group 
satisfying Assumption A, with T = Ti * • • • * T m . Write Mi = L(Tj x A), 
M = L(T) for the group von Neumann algebras, so that M = Mi *^(A) 
' ' ' *L(A) M m . Denote by T the semi-direct product 

f = (T * F m ) x A 

where A acts trivially on F m . Using the notation of Section [3l it is clear 
that M = L(T). 

Proposition 4.2. Let T be a countable group satisfying Assumption A. Let 
M = L(T). Then as M-M bimodules, we have 

L\M) Q L 2 (M) 0(L 2 (M, e i(A) ) L 2 (M, e c )). 

Proof. Denote by 

(1) (u g ) ge \ the canonical unitaries generating L(A). 

(2) (vh)heT the ones generating L(T), where T = Ti * • • • * T m . 

(3) (wi)leF m the ones generating L(F m ). 
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Recall that if x = Yl g eA x g u g S M = L(T) x A, with x g G L(T), then 

Denote by X the set of all the reduced words in T * F m of the form 

where k > 0, h±, . . . ,hf:,li, ■ ■ ■ ,lk+i ^ e. The length of £ is defined by 
/(£) = 2fc + 1. For each £ G X, denote by the following M-M bimodule: 

7^ := M£M. 

By definition of the free product with amalgamation (see [Mj ) j it follows that 
is an M-M sub-bimodule of L 2 (M) L 2 (M), for any £ G X. Since A 
normalizes T and F m in r, it follows that the % 5 's generate L 2 (M)QL 2 (M), 

i.e. 

L 2 (M)QL 2 (M) =J2 n Z- 

For £ G X, £ = u^Ufcj • • • wi k v hk wi k+1 , write g ■ £ := u g £u* g . This clearly 
defines an action of A on the set X, since 

9 ■ i = w lx v ghig -i ■ ■ ■ w lk v ghkg -iwi k+1 . 

Define now the group stabilizer of £ by 

A ? := {g G A : g ■ £ = £} = f]{g G A : (j/^ 1 = fy}. 

If £(£) = 1, then A^ = A, because A commutes with F m . If l(£) > 3, then 
A^ = {e}, because {g G A : ghg^ 1 = h} = {e}, V/i G T\{e}. We will use the 
notation <5 9 ,A e which equals 1 if g G A^ and if g ^ A^. We may identify 
A • £ with the coset A/A^. 

Claim 4.3. Lei £,77 G X. IfA-£ = A-r], then = H n - I/A^nA-j) = 0, 

Proof of Claim \4~U[ Let £,7/ G X. If A • £ = A • 77, then it is clear that 
T~L^ = Tirj. Assume now that A • £ n A • 77 = 0. It suffices to show 

(x£y,zr]t) T = 0, 

for x,y,z,t G M with x = u/,u Q , 2 = Vh'U y , where h, h! G T, a, 7 G A. We 
have 

(x£y,zr]t} T = T(t*rfz*x^y) 
= T( V *z*x£yt*) 
= T(rj*u*v* hl v h u a £yt*) 
= <5h,hn~(r]*u*u a £yt*) 
= Sh,h'r(i]*('y~ 1 a-^)u*u a yt*) 
= 0, 
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because u*u a yt* G M and the word rf{^~ l a • £) is non-trivial, hence must 
contain at least one letter coming from F m \{e}. □ 

Claim 4.4. As M-M bimodules, %^ = L 2 (M,e L ( A ^) , for any £ G X. 

Proof of Claim \4-4\ We need to show that the map 

H$ 3 xiy \-> xe L{A ^y G L 2 (M, e L(Af } ) 

preserves the inner products. It clearly suffices to show 

(8) (x£y, z£t) T = (xe L{Ai) y, ze L ^)t)^ 

for x,y,z,t G M with x = VhU a , z = Vh'U 7 , where h, h! G Y, a, 7 G A. On 
the left-hand side of flSJ), we have 

(xZy,z£t) T = T(f?z*x£y) 

= r(Cz*xiyt*) 

= T(£*u* y v* h ,v h u a £yt*) 

= h,h'T{Cu*u a ^yt*) 

= <^,/i' r (£*(7~ 1 a ■ QvZfUaVt*) 

= ^a,A^h,h'T(u* 7 U a yt*), 

because if j~ 1 a ^ Ag, then the word £*(7 _1 a • £) is non-trivial and must 
contain at least one letter coming from F m \{e}. On the right-hand side of 
(jHJ), we have 

(xe L ^)y,ze L{A!;) t) Tv = Tr(fe L ^z*xe L ^y) 

= Ti(t*E L{Ki) (z*x)e L{Ki) y) 

= T(t*E L{A() (z*x)y) 

= T(E L{A() (z*x)yf) 

= T-(E L{Ai) ((u*v* h ,v hUl )u*u a )yt*) 

= T(u* 7 v* h ,v h u y )T(E L ^ A() (u*^u a )yt*) 

= Sh,h>T(E L{Af) (u* 7 u a )yt*) 

Consequently, (x£y,z£t) T = (xe L{Af) y, ze L ^t} Tr . □ 

Using Claims 14.31 and 14.41 and the fact that for any £ G Z, A^ = {e} or 
A^ = A, we are done. □ 

4.3. Proof of Theorem A. Let's begin with a few easy observations first. 
Assume that (N, r) is a finite von Neumann algebra with no amenable direct 
summand, i.e. Nz is not amenable, \/z G Z(N), z / 0. Then for any 
non-zero projection q G N, qNq is non-amenable. Moreover, if N has no 
amenable direct summand and N C N\ is a unital inclusion of finite von 
Neumann algebras, then N% has no amenable direct summand either. 
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Let r be a group satisfying Assumption A. Denote by M = L(T) and by 
Mi = L(Ti x A) so that 

M = Mi * L(A) ••• * L( A) M m . 

Let P C M be a diffuse amenable von Neumann subalgebra. By contradic- 
tion assume that Mm{P)" is not amenable. Write 1 — z G Z(Nm{P)") for 
the maximal projection such that A/m(-P)"(1 — 2) is amenable. Then z^O 
and Nm{P)" z has no amenable direct summand. Notice that 

Nm{P)"zcN zMz {Pz)". 

Since this is a unital inclusion (with unit z), N z Mz{Pz)" has no amenable 
direct summand either. Since L{A) is diffuse and M is a Hi factor, there 
exist a projection q G L(A) and a unitary u G U(M) such that </ = uzu*. 
Define Q = uPzu* . Then Q C gMq is diffuse, amenable and M q Mq{Q)" has 
no amenable direct summand. 

Thanks to Proposition 14.21 and since Q C qMq is weakly compact, we 
may apply Theorem 13.31 and we get i = l,...,m such that Q -<m Afj. 
Then, there exist n > 1, a projection j> G M", a non-zero partial isometry 
v G Mi >n (C) (g>(/M, and a unital *-homomorphism ^ : Q — > pMf'p such that 
xv = vip(x), for every x £ Q. Note that iw* G Q' n qMg C Af g Mq(Q)" and 
v*u G ip(Q)' CipM n p. Note that ^(Q) is a unital von Neumann subalgebra 
of pM™p. We have the following alternative: 

First case: assume tfi(Q) ^m™ L(A) n . If we apply Theorem 1.1 in [16J, 
we get v*v G pM™p so that we may assume v*v = p. Then v*Qv = ip{Q). 
Take u G M q Mq{Q)- We have 

(v*uv)ip(Q) = (v*uv)v*Qv 

= v*uQv 

= v*Quv 

= v*Qv(v*uv) 

= 1>(Q)(v*uv), 

so that v*uv quasi-normalizes ip{Q) inside pM n p. Thus, since ip(Q) ^m" 
L(A) n , we have v*N q Mq{Q)"v C pMfp by Theorem 1.1 in [16]. By assump- 
tion, vv* M q Mq{Q)" vv* is not amenable and 

Ad(v*)(vv*Af qMq (Q)"vv*) CpMfp, 

where Ad{v*) : vv*Mvv* — > pM n p is a *-isomorphism. Since pM™p is 
amenable, we get a contradiction. 

Second case: assume ip(Q) diM? L(A) n . At this point, we have Q <m 
Mi and tp(Q) ^mt> L(A) n . Our aim now is to show that Q <m L(A). We 
proceed as in Remark 3.8 of [31] . Recall that there are a projection p G M", a 
non-zero partial isometry v G Mi n (C)(8) qM, and a unital *-homomorphism 
ip : Q ^ pM™p such that xv = vi/j(x), for every x € Q. We may assume that 
p equals the support projection of E p M n P (v*v). Since ip(Q) ^M n L(A) n , we 
get k > 1, a non-zero partial isometry u> G p(M„ 5 fc(C) ® Mi) and a (possibly 
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non-unital) *-homomorphism 9 : Q — )• L(A) k such that ip(x)w = w9(x), for 
every x £ Q. Hence, 

xvw = vip(x)w = vw9(x),\/x £ Q. 

But vw ^ 0. Otherwise, we would have 

E p M™p{v*v)w = (1 E pM ™p){v*vw) = 0. 

Since p is the projection support of E p M n p (v*v), we would get w = pw = 0, 
contradiction. Taking now the polar decomposition vw = u\vw\, u is a non- 
zero partial isometry in Mi fe(C) ®M, such that xu = u9(x), for any x £ Q. 
This proves that Q -<m L(A). Note that once again, uu* £ Q' Pi qMq C 
NqMq(Q)" and u*u £ 9(Q)' n 9{q)M k 9{q). 

We regard now M as the crossed product von Neumann algebra L(T) x 
A. Since the r-preserving action A r\ L(T) is mixing by Proposition 14,11 
and 9{Q) C 9(q)L(A) k 9(q) is diffuse, it follows from Theorem 3.1 in [27] 
(see also Theorem D.4 in [32]) that u*u 6 9(q)L(A) k 9(q), so that we may 
assume u*u = 9(q). Note that u*Qu = 9(Q). Moreover since 9{Q) is 
diffuse, Theorem 3.1 in [27] yields that the quasi-normalizer of 9{Q) inside 
9(q)M k 9(q) is contained in 9(q)L(A) k 9(q). Proceeding exactly in the same 
way we did before, we get 

Ad(u*)(uu*Ar qMq (Q)"uu*) c 9{q)L{A) k 9{q). 

Since 9(q)L(A) k 9(q) is amenable and uu*Af q Mq(Q)"uu* is non-amenable, we 
finally get a contradiction, which finishes the proof. 

5. The class of groups G for which L(G) is strongly solid 

Denote by C s _ so ud the class of countable groups G weakly amenable with 
contant 1 for which the group von Neumann algebra L(G) is strongly solid. 
This class contains all amenable groups, the free groups F n [21], lattices in 
SL(2, R) or SL(2, C) [22J and the groups T which satisfy Assumption A by 
our Theorem A. This class is obviously stable under taking subgroups. The 
main result of this section is that the class C s _ so iid is stable under taking free 
products, see Theorem B in the Introduction. 

5.1. Technical results. We need some preparation before proving Theo- 
rem B. 

Lemma 5.1. Let Gi,G2 be two non-trivial groups and write M = L(G\) * 
L{Gr2) for the free product. Then there exists a diffuse abelian subalgebra 
Ac M such that A ^ M L(Gi), for any i = 1, 2. 

Proof. Let v £ Gi\{e}, w £ G2\{e} so that t(v) = t(w) = 0. Define u = vw 
and A the abelian subalgebra generated by u. Since u is a Haar unitary, A 
is clearly diffuse. Define u n = u n , Vra G N. For a, b £ G\ * G2 be equal to 
e or reduced words with letters alternating from G\ and G2, it is easy to 
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check that for n large enough E L ^ G ^(au n b) = 0. Using Kaplansky density 
theorem, we get 

lim \\E L{Gi) {au n b)\\ 2 = 0, Va, b £ M. 

This means exactly that A L(Gj). □ 

Proposition 5.2. Let M be a diffuse strongly solid von Neumann algebra. 
Then, for any n > 1 and any non-zero projection p € M n , pM n p is strongly 
solid. 

Proof. Let M be a diffuse strongly solid von Neumann algebra. First assume 
that n = 1. Let p £ M be a non-zero projection. Let A C pMp be a 
diffuse amenable subalgebra. Let Bc(l — p)M(l — p) be a diffuse abelian 
subalgebra. Then C = A® B <Z M \s a, unital diffuse amenable subalgebra. 
Thus, Mm{C)" is amenable. Since 

M pMp {A)" ® B c M M (C)" , 

it follows that J\f P Mp(A)" is amenable, so pMp is strongly solid. 

Assume now that M is a strongly solid Hi factor. Let n > 1 and denote 
by t the canonical trace on M n . Let P C M n be a diffuse amenable subalge- 
bra and assume that Mm u (P)" is not amenable. Write 1 — z £ Z{Mm u (P)") 
for the maximal projection such that A/m™(P)"(1 — z) is amenable. Then 
and NM n (P)" z has no amenable direct summand. Since NM n {P)" z C 
NzM n z(Pz)" is a unital inclusion (with unit z), M z M n z{Pz)" has no amenable 
direct summand either. If t(z) < 1/n, regarding zM n z as a corner of M 
and using the first part of the proof, we obtain a contradiction because M 
is strongly solid. If t[z) > 1/n, since is diffuse amenable we may shrink 
z to zq G Pz such that r(zo) = l/n and ctrp 2 (zo) = czi, where c is a scalar 
and 2j S Z(Pz). Using Lemma 3.5 in [27], we get 

M Zo m^z {zqPzzq)" = z M z m"z(Pz)"z q . 

We may regard zoM n zo — M. Let j4 = zqPzzq C M. Then A is a unital 
diffuse amenable subalgebra of M and Mm (A)" is not amenable (because 
NzM n z(Pz)" has no amenable direct summand), which again contradicts the 
fact that M is strongly solid. 

Finally, let M be a diffuse strongly solid von Neumann algebra. Let n > 1. 
We write the center of M as 

Z(M)=Z(M)zo®QCzi, 

i>l 

where Z(M)zq is the diffuse part. Since Mzq is strongly solid and Mzq = 
(Z(M)zq)' n Mzo, it follows that Mzq is amenable. We obtain 

M = Mz o ffi0Mz„ 
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where Mzi are strongly solid Hi factors. Thus, 

M n = (Mz ) n © ®{Mzi) n . 

i>l 

Since (Mzo) n is amenable and (Mzi) n are strongly solid Hi factors, it follows 
that M n is strongly solid as well, which finishes the proof. □ 

5.2. Proof of Theorem B. Let G u G 2 E C s 

-solid- We may and will assume 
|Gi| > 2, IG2I > 3. The fact that G\ * G2 is weakly amenable with constant 
1 follows from [30]. Denote by M = L{G X * G 2 ) = L(d) * L(G 2 ). Observe 
that since M is a free product, it follows that the M-M bimodule L 2 (M) © 
L 2 (M) is isomorphic to a multiple of L 2 (M)®L 2 (M). We assume that M 
is not strongly solid and deduce a contradiction. Then there exists a diffuse 
amenable subalgebra P C M such that Nm{P)" is not amenable. Write 
1 — z E Z(Nm(P)") for the maximal projection such that Mm{P)"{^ — z) is 
amenable. Then z / and Nm(P)"z has no amenable direct summand. 

Let A C M be a unital diffuse abelian subalgebra such that A ^-m L(Gj) 
as in Lemma 15.11 Since A is diffuse and M is a Hi factor, there exists 
a unitary u E U(M) such that q = uzu* E A. Define Q = uPzu* and 
B = Q + A(l — q). Observe that B C M is a unital inclusion, N q Mq{Q)" 
has no amenable direct summand. Since B C M is weakly compact and 
Mm{B)" is not amenable, applying Theorem 4.10 in |21| or our Theorem 
13.31 we get i = 1, 2 such that B -<m L(Gi). Thus, there exists n > 1, a 
non-zero partial isometry v E Mi n (C) © M and a (possibly non-unital) 
*-homomorphism ip : B — > L(Gi) n such that xt> = vip(x), Vx E .B. Observe 
that gt> 7^ 0, because otherwise we would have tw* < 1 — g and = v^(x), 
Vx E A(l — q). This would mean that A(l — q) <m L(Gi) and so A <m 
L(Gi), contradiction. Write qv = w\qv\ for the polar decomposition of qv. 
It follows that w E Mi n (C) © M is a non-zero partial isometry such that 
xw = wip(x), Vx E Q. This means exactly that Q L(Gi). Note that 
ww* E Q' n gMg C N qMq {Q)" and u>*w E D ip(q)M n ip(q). 

Set = N q Mq{Q)" ■ Since ^(Q) is a diffuse subalgebra of ip(q)L(Gi) n il>(q), 
Theorem 1.1 in |16| yields w*Nw C ip(q)L(Gi) n ijj(q). We may and will as- 
sume that w*w = ip(q). Let z E Z{N) be a projection such that z = 
Ylj=i v j v j with Vj partial isometries in N and v*Vj < ww* . Define the 
non-zero partial isometry 

w = [v x w ■ ■ ■ v k w] E Mi jfen (C) © M. 

Observe that z = ww* E Z{N) and p = w*w E L(Gi) kn . Then Q = w*Qw is 
a unital diffuse amenable subalgebra oipL{Gi) kn p and for any u E M q Mq(Q), 
w*uw E -^fpi(G l ) kn p(Q)^ because z = u>{t;* E Z(N). We obtain 



Ad(w*)(iVz) C ■N'pL{G l ) kn p{Q) 
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where Ad(w*) : zMz — > pM p is a *-isomorphism. Since Nz is not 
amenable, it follows that J\fpL(Gi) kn p(Q)" ^ s n °t amenable either. This con- 
tradicts the fact that pL(Gi) kn pis strongly solid (see Proposition [572]) , which 
finishes the proof. 

6. Hi FACTORS WITH AT MOST ONE CARTAN SUBALGEBRA 

6.1. Crossed products as amalgamated free products. Let Gi,G 2 be 
countable groups and denote by G = G\ * G2 their free product. Let (Q,r) 
be an amenable finite von Neumann algebra and G rx Q be a r-preserving 
action. Denote by M = Q x G the corresponding crossed product von 
Neumann algebra and observe that M may be regarded as the amalgamated 
free product 

M = (QxGi)* Q (QxG 2 ). 
Using the notation of Section [3l we have 

M = Q x (G*F 2 ), 

where F 2 acts trivially on Q. The next proposition is an easy consequence 
of Lemma 4.7 in |21j : 

Proposition 6.1. The M-M bimodule L 2 (M) Q L 2 (M) is isomorphic to a 
multiple of L 2 (M, cq) . 

6.2. Proof of Theorem C. Let Gi,G 2 be weakly amenable groups with 
constant 1, so that G = G\ *G 2 is still weakly amenable with constant 1 (see 
[30]). We assume \G\\ > 2, |G 2 | > 3, so that G is not amenable. Let (Q,t) 
be a finite amenable von Neumann algebra together with a r-preserving 
action G rx Q. We will assume: 

(1) Either Q = C. 

(2) Or Q = L°°(X,n) and the p.m.p. action G r\ (X,fj,) is assumed 
to be free ergodic and profinite. Note that this assumption forces 
Gi, G2 to be residually finite. 

We shall denote by M = Q x G the crossed product Hi factor which can be 
regarded as 

M = M 1 * Q M 2 

where Mj = Q x Gi. Note that under the assumptions (1) or (2), M always 
has the cm. a. p., i.e. A c b(M) = 1. 

Let A C M be a Cartan subalgebra, i.e. A = A' n M and Mm {A)" = M. 
Thanks to Proposition 16.11 and since A C M is weakly compact, Theorem 
13.31 yields i = 1,2 such that A -<m Mi- Thus there exist n > 1, a non-zero 
partial isometry v G Mi >n (C) (£> M, a projection p £ Mf and a unital *- 
homomorphism ij) : A — > pMfp such that xv = vip(x), Vx £ A. We may 
and will assume that the support projection of Em™{v*v) equals p. As in 
the proof of Theorem A, we have the following alternative. 
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Assume that ip(A) ^m™ Q n • If we apply Theorem 1.1 in [16] . we may 

assume p = v*v and we have 

v*Mv = v*M M {A)"v C pM?p. 

Thus, we get pM n p = pM™p. Since M n = Mf *Qn (see Proposition 
16, ip . we have 

L 2 {M n )Ql?(M?) 0L 2 (Mf)® Q nL 2 (M"). 

as M™-M™ bimodules. Consequently, we have L 2 (pM™)(g)QnL 2 (M™p) = 
p{L 2 {M?)® Qn L 2 {M?))p = 0, contradiction. 

Assume that V(^4) ^M™ Q n '• At this point we have A -<m Mi and 
ip{A) ^m™ Q n - As in the proof of Theorem A, we obtain that A -<m Q- 

(1) If Q = C, we get a contradiction since A is diffuse. This yields that 
L(G) has no Cartan subalgebra. 

(2) If Q = L°°(X,fi) is the Cartan subalgebra coming from the profi- 
nite action of G on (X,fi), then applying Theorem A.l in [28], we 
obtain u G U{M) such that uAu* = L°°(X,fi). This yields that 
L°° (X, /i) C L°° (X, fj) XI G is the unique Cartan subalgebra up to 
unitary conjugacy. 

References 

[1] M. Bozejko & M.A. Picardello, Weakly amenable groups and amalgamated prod- 
ucts. Proc. Amer. Math. Soc. 117 (1993), 1039-1046. 

[2] N. Brown & N. Ozawa, C* -algebras and finite- dimensional approximations. Grad. 
Stud. Math., 88. Amer. Math. Soc, Providence, RI, (2008). 

[3] P. A. Cherix, M. Cowling, P. Jolissaint, P. Julg & A. Valette, Groups with 
the Haagerup Property. Progress in Mathematics 197. Birkhauser Verlag, Basel, 
Boston, Berlin, 2001. 

[4] I. Chifan & C. Houdayer, Bass-Serre rigidity results in von Neumann algebras. 
To appear in Duke Math. J. I arXiv: 080571 566 

[5] A. Connes, Classification of infective factors. Ann. of Math. 104 (1976), 73-115. 

[6] M. Cowling & U. Haagerup, Completely bounded multipliers of the Fourier alge- 
bra of a simple Lie group of real rank one. Invent. Math. 96 (1989), 507-549. 

[7] K. Dykema, Interpolated free group factors. Pacific J. Math. 163 (1994), 123-135. 

[8] G. Elek & E. Szabo, On sofic groups. J. Group Theory 9 (2006), no. 2, 161-171. 

[9] D. Gaboriau, Cout des relations d 'equivalence et des groupes. Invent. Math. 139 
(2000), 41-98. 

[10] D. Gaboriau, Invariants £ 2 de relations d' equivalence et de groupes. Publ. Math. 
Inst. Hautes Etudes Sci. 95 (2002), 93-150. 

[11] L. Ge, Applications of free entropy to finite von Neumann algebras, II. Ann. of 
Math. 147 (1998), 143-157. 

[12] M. Gromov, Endomorphisms of symbolic algebraic varieties. J. Eur. Math. Soc. 
(JEMS) 1 (1999), 109-197. 

[13] U. Haagerup, An example of non-nuclear C* -algebra which has the metric approx- 
imation property. Invent. Math. 50 (1979), 279-293. 

[14] C. Houdayer, Construction of type Hi factors with prescribed countable fundamen- 
tal group. J. reine angew. Math. 634 (2009), 169-207. 

[15] A. Ioana, Cocycle superrigidity for profinite actions of property (T) groups. 
HEXiv: 0805 . 2998 



20 



CYRIL HOUDAYER 



[16] A. Ioana, J. Peterson & S. Popa, Amalgamated free products of w -rigid factors 
and calculation of their symmetry groups. Acta Math. 200 (2008), 85-153. 

[17] P. Jolissaint, Borel cocycles, approximation properties and relative property T. 
Ergodic Th. and Dynam. Sys. 20 (2000), 483-499. 

[18] K. Jung, Strongly 1-bounded von Neumann algebras. GAFA, Geom. func. anal. 17 
(2007), 1180-1200. 

[19] K. Jung, A hyperfinite inequality for free entropy dimension. Proc. Amer. Math. 

Soc. 134 (7) (2006), 2099-2108. 
[20] N. Ozawa, Solid von Neumann algebras. Acta Math. 192 (2004), 111-117. 
[21] N. Ozawa & S. Popa, On a class of Hi factors with at most one Cartan subalgebra. 

To appear in Ann. of Math. arXi v:0706. 36231 
[22] N. Ozawa & S. Popa, On a class of Hi factors with at most one Cartan subalgebra 

II. To appear in Amer. J. Math. arXi v: 0807 .42701 
[23] J. Peterson, L 1 -rigidity in von Neumann algebras. Invent. Math. 175 (2009), 417- 

433. 

[24] J. Peterson & A. Thom, Group cocycles and the ring of affiliated operators. 
larXiv: 0708 .43271 

[25] S. Popa, On the superrigidity of malleable actions with spectral gap. J. Amer. Math. 

Soc. 21 (2008), 981-1000. 
[26] S. POPA, Some results and problems in W* -rigidity. Available at 

|http://www.math.ucla.edu/^popa/t amu0809 rev.pdf| 
[27] S. Popa, Strong rigidity of Hi factors arising from malleable actions of w-rigid 

groups I. Invent. Math. 165 (2006), 369-408. 
[28] S. Popa, On a class of type Hi factors with Betti numbers invariants. Ann. of Math. 

163 (2006), 809-899. 

[29] F. Radulescu, Random matrices, amalgamated free products and subf actors of the 
von Neumann algebra of a free group, of noninteger index. Invent. Math. 115 (1994), 
347-389. 

[30] E. Ricard & Q. Xu, Khintchine type inequalities for reduced free products and 
applications. J. reine angew. Math. 599 (2006), 27-59. 

[31] S. Vaes, Explicit computations of all finite index bimodules for a family o/IIi fac- 
tors. Ann. Sci. Ecole Norm. Sup. 41 (2008), 743-788. 

[32] S. Vaes, Rigidity results for Bernoulli actions and their von Neumann algebras (after 
S. Popa). Seminaire Bourbaki, expose 961. Asterisque 311 (2007), 237-294. 

[33] D.-V. VoiCULESCU, The analogues of entropy and of Fisher's information measure 
in free probability theory, III. GAFA, Geom. funct. anal. 6 (1996), 172-199. 

[34] D.-V. VoiCULESCU, K.J. Dykema & A. NlCA, Free random variables. CRM Mono- 
graph Series 1. American Mathematical Society, Providence, RI, 1992. 

[35] B. Weiss, Sofic groups and dynamical systems, (Ergodic theory and harmonic anal- 
ysis, Mumbai, 1999). Sankya Ser. A 62 (2000), 350-359. 

CNRS-ENS Lyon, UMPA UMR 5669, 69364 Lyon cedex 7, France 
E-mail address: cyril.houdayer@umpa.ens-lyon.fr 



